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Introduction
Let s, ¢.,c denote the spaces of all real sequences, bounded, and convergent sequences,respectively. Any
subspace of s is called a sequence space. A lacunary sequence is an increasing sequence 0=(k,) such that
ko=0, h, =k, - k,_;— o as r—o .The intervals determined by 6 will be denoted by I,=(k,_,,k,,] and
q, = k,./ k,._, .These notations will be used troughout the paper. The sequence space of lacunary strongly
convergent sequences Ny was defined by Freedman et al.(1978), as follows:

Ng ={x=(x; )es: lim,h, X;e; |x; — L|=0 for some L}

The notion of modulus function was introduced by Nakano (1953). We recall that a modulus f is a function from
[0,00) to [0,00)such that (1) f(x) =0 ifand only if x=0,(ii) f(x+y) < f(x)+f(y) for x,y>0, (iii ) fis increasing and (
iv ) fis continuous from the right at 0. Hence f{ must be continuous everywhere on [0,00). Bhardwaj & Dhawan
(2015),Kolk (1993), Maddox (1986), Oztiirk and Bilgin (1994), Pehlivan and Fisher (1994), Ruckle (1973), and
others used a modulus function to construct sequence spaces. Marouf (1993), presented definitions for
asymptotically equivalent sequences and asymptotic regular matrices. Patterson (2003), extended these
concepts by presenting an asymptotically statistical equivalent analog of these definitions and natural regularity
conditions for nonnegative summability matrices . Subsequently, many authors have shown their interest to solve
different problems arising in this area (see (Basarir and Altundag,2008). (Basarir and Altundag,2011),
(Bilgin,2011), and (Patterson and Savas,2006) ). The concept of I-convergence was introduced by Kostyrko et al.
(2000/2001) in a metric space. Later it was further studied by Bilgin (2015),,Dass et al. (2011), Dems
(2004-2005), Kumar and Sharma (2012), Savas and Gumus (2013), and many others. In this paper we introduce
the concepts asymptotically ajf (I ) -lacunary equivalence with order a, and asymptotically a, (I ) -lacunary
statistical equivalence with order a,which is a natural combination of the defintion for asymptotically equivalent,
Ideal convergence, Statistically limit, Lacunary sequence, Modulus function and a sequence of positive real
numbers p=(p,,) and also some inclusion theorems are proved.

Materials and Methods
Now we recall some definitions of sequence spaces
Definition 2.1. Two nonnegative sequences [x]and [y] are said to be asymptotically equivalent if :
limy, ;—k=1,(denoted by x-y).
k
Definition 2.2. Two nonnegative sequences [x] and [y] are said to be asymptotically statistical equivalent of

multiple L provided that for every & > 0, limn%|{ k<n:| ;—];-LIZ?,H:O,(denoted by x ~y) and simply
asymptotically statistical equivalent, if L=1.

Definition 2.3. Let 8 be a lacunary sequence; the two nonnegative sequences [x] and [y] are said to be
asymptotically lacunary statistical equivalent of multiple L provided that for every € > 0,
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lim, —|{ kel, | L|>e}| =0,(denoted by x y) and simply asymptotically lacunary statistical equivalent, if
L=1.

Definition 2.4. Let f be any modulus; the two nonnegative sequences [x] and [y]are said to be f-asymptotically
equivalent of multiple L provided that,

f
lekf(| L|) 0 (denoted by x y)and simply strong f-asymptotically equivalent, if L=1.

Definition 2.5. Let f be any modulus, 0=(k,.) be a lacunary sequence, p=(p,) be a sequence of positive real
numbers and 0 < o <1; the two nonnegative sequences [x] and [y] are said to be strong a]f’-asymptotical ly lacunary
equivalent of order a, to multiple L provided that
N, af

lim, — Z[f(| -L|)]P* .(denoted by x 7"~ " y) and simply strong af -asymptotically lacunary

r kel, k ~
equivalent, if L=1.
Definition 2.6. Let f{ be any modulus, 6=(k,) be a lacunary sequence, and 0 < a <I; the two nonnegative
sequences [x] and [y] are said to be asymptotically a; -lacunary statistical equivalent of order a, to multiple L
provided that for every € > 0,

m, h“l{ kel, f(| L|)>e}| =0,(denoted by x Sg'Naf y) and simply asymptotically a; -lacunary statistical
equivalent, if L=1.

For any non-empty set X, let P(X) denote the power set of X.

Definition 2.7. A family ISP(X)is said to be an ideal in X if

(i) €l;

(if) A,B€l imply AuBel and

(iii) Ael,BcA imply Bel.

Definition 2.8. A non-empty family FEP(X)is said to be a filter in X if

(1) O¢F;

(if) A,B€EF imply ANBeEF and

(iii) AeF,BoA imply BeF.

An ideal | is said to be non-trivial if [#{@}and X&Il.A non-trivial ideal I is called admissible if it contains all the
singleton sets. Moreover, if | is a non-trivial ideal on X, then F=F(I)={X-A:A€l} is a filter on X and conversely.
The filterF(1) is called the filter associated with the ideal 1.

Definition 2.9. Let IcP(N) be a non-trivial ideal in N and (X,p) be a metric space. A sequence [x] in X is said to be
I-convergent to & if for each € > 0, the set {KEN:p(xy,&)>¢} El.

In this case, we write I-lim;, x, =&.

Definition 2.10. A sequence [X] of numbers is said to be I-statistical convergent or S(I)-convergent to L, if for
everye>0 andd >0, we have {neN;(1/n)|{k<n:| x, —L[>e}[>d}€l.

In this case, we write x,—L (S(I)) or S(I) -llimy, x, =L.
Definition 2.11. Let IcP(N) be a non-trivial ideal in N and 6=(k,.) be a lacunary sequence. The two nonnegative
sequences [x] and [y] are said to be asymptotically lacunary statistical equivalent of multiple L with respect to the

I(S
ideal I provided that for each ¢>0and y>0, {reN; |{ kel | L|>e}|>y}€| denoted by x ( e)y and

simply asymptotically lacunary statistical equivalent with respect to the ideal I, if L=1.

Definition 2.12. Let ICP(N) be a non-trivial ideal in N and 6=(k,.) be a lacunary sequence. The two non-negative

sequences [X] and [y] are said to be strongly asymptotically lacunary equivalent of multiple L with respect to the
1 X I(N,)

ideal I provided that for €>0 {reN; — Z| koL |>¢} €1, denoted by x ‘ y andsimply strongly

r kel, K ~

asymptotically lacunary equivalent with respect to the ideal I, if L=1.

Definition 2.13. Let IcP(N) be a non-trivial ideal in N and f be a modulus function. The two non-negative

sequences [x] and [y] aresaidto be f - asymptotically equivalent of multiple L with respect to the ideal I provided

that for each €>0 {keN; f(| L|)>e } €l
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I(f
denoted by x ( )y and simply f-asymptotically equivalent with respect to the ideal I, if L=1.

~

Results and Discussion

We now consider our main results. We begin with the following definitions.

Definition 3.1. Let IcP(N) be a non-trivial ideal in N, f be a modulus function, andp=(p;) be asequence of

positive real numbers and 0 < o <1;. Two number sequences [x] and [y] are said to be strongly (f,p)-asymptotically

equivalent of multiple L with respect to the ideal | provided that for each ¢ > 0,

1 X w,af (I

{neN; —qZ[f(| ZECLPIPe e} el denoted by x (1) y and simply strongly af(I )-
n" i\ k s

asymptotically equivalent with respect to the ideal I, if L=1.

If we take o=1,we write x ' y instead of X

~
~

ai(l) W,Offp(l)y

If we take f(x)=x for x>0, we write x y instead of x

~
~

w,a’ (1) W,ozfp(l)y

a(l)

~
~

Definition 3.2. Let IcP(N) be a non-trivial ideal in N , f be a modulus function , 8=(k,.) be a lacunary sequence,
andp = p,) beasequence of positive real numbers and 0 < o <1. Two number sequences [x] and [y] are said to
be strongly (f,p)-asymptotically lacunary equivalent of multiple L with respect to the ideal I provided that for each

W
If we take p, =1 for all KEN, we write x

w, (I
y instead of x i )y

>0,

1 X N,,al(l

{reN; h—OLZ:[f(|—k-L|)]pk >¢} €l denoted by x ¢ f( )y and simply strongly af(I)-

r kel, yk R

asymptotically lacunary equivalent with respect to the ideal I, if L=1.
N, (I N,,al(l N, (I
If we take o=1 , we write x f )yinstead of x ¢ r( )y. Hence x ? f )yis the same as the x
| N(f,P)
(N )yof Bilgin (2011),
N, (I N,,al(l N, (I
Note that,we take p,=1 for all keN, we writex ? f ( )yinstead ofx ¢ f( )y. Hence x ° f ( )yisthe
1(Ny) Ny, (1)
0 . _ . 01

same as the x y of Kumar and Sharma (2012). Also if we put f(x)=x for x>0 , we write X y
, Ny, ¢ (1) No.P (1) . NP (1)
instead of x y. Hence X y is the same as the x y of Savag and Gumus (2013).

Definition 3.3. Let IcP(N) be a non-trivial ideal in N , f be a modulus function , 8=(k,.) be a lacunary sequence,
and p=(p,) be a sequence of positive real numbers and 0<o<1. the two nonnegative sequences [x] and [y] are
said to be asymptotically a; (I)- -lacunary statistical equivalent of order a, to multiple L with respect to the
ideal I provided that for every €>0,and y>0,

S,, |
Haf()y)

{reN; —I{ kel,:f( ;—k-L|)Ze}| >y} €l (denoted by X
T k

If we take =1, we write x

S,,a. (1
yinstead of x ¢ i )y.

~

SH’f (I)
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Spur (1) Sa’af(l)y

If we put f(x)=x for x>0, we write x y instead of x

S, (I S, a(l
If we take o=1 , we write x 0( )yinsteadofx ¢ ()y

~ ~
~ ~

We now prove some inclusion theorems.
Theorem 3.1. Let IcP(N) be a non-trivial ideal in N, fbe any modulus, 6 = (k,) be a lacunary sequence,
p=(p,) be asequence of positive real numbers and 0 < o, < <1 then

afr() o W,ﬂfp(l)y

N W
(i) if x y implies x

N,,a?(l N, BP(I
(ii) x ¢ a; )y impliesx ¢ Bi( )y
S, (1 S,, B (I
iy it x>0 Dy iotesx S0 A (1)
w,a (1 N,,aP(l S, |
Proof.(i-iii) Let 0<a<p<l , x ai( )y,x 0@ )y andx / o )y. It is easily that iﬁé%
=~ ~ =~ n n

1 1
for alln. Since h, =k, - k,_;— o ,we can actually choose r, so that h* < hfand 5 < — - Hence

r r

1S Xk_ Pk i \ ﬁ_ Pk
W;[f(ly_k LI = -3 kZ:‘,[f(l . L D]

he Z[f(l -LP* < —Z[f(l -L])]** and

r kel, r kel,
1 1
P K kel f(l L|)>8}| <h_ K kel f(l L|)>8}|
Thus,

{neN:n—lﬁznl[fﬂ&- L P =¢} <{ neN: niazn“[fq&- LD jel
k=1 k=1

k

{ke | ; 7 Z[f(| LD e} c{ke | ; Z[f(| LD« =slel

r kels r kel,
1
{neN; F |{ kel f(| L|)>g}|>y}c{ neN:; h_ K kel, f(l L|)>8}|>'Y}E|
p p
Therefore respecticelyxw’ﬂf (I)y’ X Ny, B (I)y andxse’ﬂf (I)y.

Setting B=1, in Theorem 1 gives the following result .
Corollary. Let f be any modulus, 6=(k,) be a lacunary sequence, p=(p,) be a sequence of positive real
numbersand 0 <a <1, then

w, o’ wP (I
() if x ' "y impliesx f( )y

~

N, af P (I
i) if x 27"y impliesx ot ( )y
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- Sglaf - -
(iif)y if x y implies x

~
~

S, (1),

We have this section with the following Theorem to show that the relation between a}’(l)- lacunary equivalence
with order o and strong alf(l)- lacunary equivalence with order a.
Theorem 3.2. Let IcP(N) be a non-trivial ideal in N , f be a modulus function, 6=(k,) be a lacunary

sequence,0<o<I and
f(1) O ELON

o<h=inf, p, <p, <sup, p, =H <w,if lim,_, =3 >0, then x y implies x

~
~

w,af (1)

Proof. If lim = [3>0, then f{t) >Bt for all t>0.Let x y,clearly

L0
t—>w t

~
~

1 n Pk >i n &_ Pk
n—kZ::f(I -L )] _n“;[ﬁ(lyk L]

1 & X

. h

>min{B", B"}— D[] = - L[]
[ R,

it follows that for each £>0, we have

1 n
{neN; n_az[l y L[]’ =} ={neN; —Z[f(| LD =min{B",p"'} el
k1 Y

ke Yk

Since x

w, (1
f ( )y, it follows that the later set belongs to I, and therefore, the theorem is proved.

Theorem 3.3.Let IcP(N) be a non-trivial ideal in N , f be a modulus function, 6=(k,) be a lacunary
sequence,0<a<1 and 0<h=inf,p, <p, <sup, p, = H <« then

f af (1) i Nov@* (1)
ot g

L N,.
if lim,_, =B >0, then x y implies x

Proof.The proof of Theorem 3.2 is very similar to the Theorem 3.1.Then we omit it.

The next theorem shows the relationship between the strong a}’(l)- lacunary equivalence with order o and the
strong af (1)- equivalence with order a.

Theorem 3.4. Let IcP(N) be a non-trivial ideal in N , f be a modulus function, 6=(k,.) be a lacunary
sequence,0<a<l and p=(p,) be a sequence of positive real numbers, then

p p
(i) if Supr Z(k k :B(Say)<oo then x Ng’af (I)yimplies XW’af (I)y
r 1 m=1 ~ ~
p p
(ii) ifsupr::_; —C(say)<oo then W (I)yimp“esxNf,,ozf(I)y

N,,al(l
Proof.(i). Now suppose that x  “ o )yand £0.Let A={reN; Z[f(| LI <el,

~
~ r kel,

Hence,for all jeA, we have H; =—Z[f(| - L |)]P* <e. Choose n is any integer with k, > n>k,_,}
] kel

where reA. Now write

o 2 LD = AL

r-1 k=1 yk
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<8 S -LP

m kel K

tnens - STI(XE L 2o strens = SIS LD sumien
k=1

k r kel k

,af(l)y

. . W
which yields that x

p
(ii). Let xW’O‘Nf M,

Z[f(l LI = Z[f(l -L)P -—Z[f(l -L)P

r kel, r k=1 r k=1
Z[f(l -L )™
r k=1
==L I
r k=1
<C— Z[f(l -L P
r k=1 k
{reN; —Z[f(| -LPPx 2} c{reN; —Z[f(| -L)P* =e/Clel
r k=1 r k=1 k
p
which yields that x H'O‘f(l)y.

~
~

Now we give relation between asymptotically a- lacunary statistical equivalence and strong a (D- lacunary
equivalence with order a.Also we give relation between asymptotically a; - lacunary statistical equwalence and
strong alf(l)- lacunary equivalence with order a.The Proofs will not be given.

Theorem 3.5. Let IcP(N) be a non-trivial ideal in N , f be a modulus function, 6=(k,) be a lacunary

. Ny, af (I Spra(l)
sequence,0<a<l and O<h=inf,p, <p, <sup, p, = H <o, then x 0 )y implies  x ¢ y.

Theorem 3.6. Let IcP(N) be a non-trivial ideal in N , f be a modulus function, 6=(k,) be a lacunary

Ny, af (1) . Se’af(l)y

sequence,0<a<l and O<h=inf, p, < p, <sup, p, = H <o, then x y implies x

Let p,=pforallk, t, =tforallk and O<p<t. Then it follows following Theorem.
Theorem 3.7. Let f be any modulus, 6=(k,) be a lacunary sequence, p=(p,) be a sequence of positive real

t
(1 N,,a?(l
numbers,and 0 < o <1then x ¢ (1) 0 ai ( )y,

y implies x
Conclusion

The relations we have achieved are generally parallel to the literature. However, some of the relations in the
literature have not been found
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